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ML4CO

Mixed-Integer Linear Program

min
x ,y

c⊤x + d⊤y

s.t. Ax + By ≤ h
x ∈ Rn, y ∈ Zm

Parameters (c , d ,A,B, h) follow some distribution.

Question

Can we utilize machine learning (ML) to enhance/speed up the
optimization step?

✓ In this work, we do not utilize ML to design primal heuristics but rely
on it for tuning parameters of our proposed heuristics.
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ML4CO Competition

Three tasks:

primal task: primal heuristics at the root node

dual task: variable selection for branching

configuration task: parameter tuning before solving
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Final Results: Primal Task

Three datasets:

item placement

load balancing

anonymous
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Item Placement

i ∈ I := {0, 1, ..., 104}, the set of items

j ∈ J := {0, 1, ..., 9}, the set of containers

k ∈ K := {0, 1, 2}, the set of dimensions
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Item Placement

Consider a multi-dimensional multi-knapsack model:

min
x ,y ,z

∑
j∈J

∑
k∈K

αkyjk +
∑
k∈K

βkzk

s.t.
∑
j∈J

xij = 1 ∀i ∈ I

∑
i∈I

aikxij ≤ bk ∀j ∈ J,∀k ∈ K∑
i∈I

dikxij + yjk ≥ 1 ∀j ∈ J,∀k ∈ K

yjk ≤ zk ∀j ∈ J,∀k ∈ K
xij ∈ {0, 1} ∀i ∈ I , ∀j ∈ J
yjk ≥ 0 ∀j ∈ J,∀k ∈ K
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Item Placement: Statistics

Across all instances, we collect the following statistics.

parameters
i ∈ {0, 1, ..., 99} i ∈ {100, 101, ..., 104}

range mean std range mean std

aik (0, 0.1] 0.05 0.0008 [0.9, 1.0] 0.95 0.0008
dik (0, 0.11] 0.051 0.0008 [0.83, 1.15] 0.97 0.0015

aik/dik [0.86, 1.10] 0.97 0.0008 [0.86, 1.10] 0.97 0.0008

bk ∈ [1.72, 2.20], mean = 1.95, std = 0.003.

αk = 1, βk = 300

Observation

Since aik , dik values of items 100− 104 are significantly larger than those
of other items, we can apply symmetry-breaking constraints
x100,0 = x101,1 = x102,2 = x103,3 = x104,4 = 1.
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Item Placement: Algorithms

Meta-heuristics:

– Greedy heuristics for knapsack problems
– Large neighborhood search (LNS)

Math-heuristics:
– Two-step approach: (i) assign items to the first five containers by

solving an assignment model defined as follows:

(a) combine small items to generate candidates that might be placed in the
first five containers;

(b) assume all items that are placed at the remaining containers have
“continuous” sizes (rather than “discrete”);

(c) add an SOS1 constraint for each small item.

(ii) assign the remaining items to the last five containers by solving a
sub-MIP.

– Fix-and-optimize: properly choose two out of the last five containers,
and then solve a sub-MIP to reassign items within those two containers
optimally.
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Load Balancing

i ∈ I := {0, 1, ..., 59}, the set of tasks

j ∈ J := {0, 1, ..., 999}, the set of machines

J i ⊆ J, a subset of machines that are accessible by task i
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Load Balancing

Consider a load balancing formulation:

min
x ,y

∑
j∈J

yj

s.t. xij ≤ aiyj ∀i ∈ I ,∀j ∈ J i∑
i∈I :j∈J i

xij ≤ bj ∀j ∈ J

∑
j∈J i\{j ′}

xij ≥ ai ∀i ∈ I ,∀j ′ ∈ J i

yj ∈ {0, 1} ∀j ∈ J

0 ≤ xij ≤ bj ∀i ∈ I ,∀j ∈ J i

(#)

Observation

Rounding up a fractional solution would always produce a feasible solution.
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Load Balancing: Strengthening

Based on the statistics across all instances, we notice bj < ai . As a result,
model (#) is equivalent to the following:

min
x ,y

∑
j∈J

yj

s.t. 0 ≤ xij ∀i ∈ I ,∀j ∈ J i∑
i∈I :j∈J i

xij ≤ bjyj ∀j ∈ J

∑
j∈J i\{j ′}

xij ≥ ai ∀i ∈ I ,∀j ′ ∈ J i

yj ∈ {0, 1} ∀j ∈ J

(⋆)

Note that (⋆) is much smaller and has a tighter LP relaxation than (#).
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Load Balancing: Algorithms

Rounding heuristics: to balance feasibility and optimality, we combine
binary search with quantile selection to choose good rounding
thresholds for y .

– the root LP solution
– the optimal LP solution to (⋆)

RENS [Ber14]: we define and solve a sub-MIP based on (⋆) and its
LP solution
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Anonymous

Key Challenges:

model formulations are not exactly the same (at least from our
observation)

model size changes

Observation

One can define a planning horizon (denoted by H) and associate with each
discrete variable a time period (denote by h).
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Anonymous: Algorithms

Feasibility pump [FGL05,BFL07]: apply rounding + projection +
weak/strong perturbation to generate the first incumbent

RENS: define a sub-MIP by fixing those discrete variables with their h
values less than 0.9H at the incumbent and then solve it with a time
limit.

Rolling-horizon:

(i) ignore constraints involving discrete variables with their h values
greater than H̃;

(ii) relax the integrality constraints on variables with their h values greater
than H̄;

(iii) fix those discrete variables with their h values less than Ĥ (note
Ĥ < H̄ < H̃) at the optimal solution from a previous run;

(iv) solve the sub-MIP;
(v) increase Ĥ, H̄ and H̃ adaptively and then iterate procedure (i) - (iv).
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Anonymous: Rolling-horizon
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Summary

Modeling Construction Improvement

item sym. break.
greedy adaptive LNS

assign. + sub-MIP fix-and-optimize

load reformulation data-driven rounding RENS

anon. feasibility pump
sequence-informed RENS

rolling-horizon w. var. windows
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