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Shen:

MILP ERENE
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Consider a mixed-integer linear program:

min  c'x
X
st. xe8§,

where S={xe P:x; € ZViel},P={xeR] :Ax=b},I C[n]

We aim to identify Gomory cuts for problem (1).
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Who is Ralph E. Gomory?
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Check out http://www.ralphgomory.org/.

Akang Wang wangakang@sribd.cn
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. N o
Outline ) RIS

m Gomory fractional inequalities (for pure integer
programming) [Gom10]

m Gomory mixed-integer inequalities (GMI)
m The relationship between GMI and split inequalities (MiR—and
m How to strengthen GMI

Reading materials: [CT07, Cor08, Fuk10, CCZ"14]
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Generating cutting-planes ENTAB IR ST

In our previous talk, we discussed two perspectives for generating valid
inequalities for MILPs:
m algebraic perspective: e.g., Chvatal procedure

i. Take combinations of the known valid inequalities.
ii. Use rounding to produce stronger ones

B geometric perspective: e.g., split inequalities
i. Use a disjunction to generate several disjoint polyhedra whose union

contains S
ii. Generate inequalities valid for the convex hull of this union
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Generating cutting-planes

In our previous talk, we discussed two perspectives for generating valid
inequalities for MILPs:
m algebraic perspective: e.g., Chvatal procedure

i. Take combinations of the known valid inequalities.
ii. Use rounding to produce stronger ones

B geometric perspective: e.g., split inequalities
i. Use a disjunction to generate several disjoint polyhedra whose union

contains S
ii. Generate inequalities valid for the convex hull of this union

Remark

The geometric perspective provides a natural way to strengthen those
generated inequalities.
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Gomory fractional inequalities &) RINTAB R SEb

Given a pure integer program (i.e., | = [n]), consider a simplex tableau

X,'+Z§,'J'Xj:§,'0 Vi € B. (2)
JjenN
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Gomory fractional inequalities ) RIS

Given a pure integer program (i.e., | = [n]), consider a simplex tableau

X,'+Z§,'J'Xj:§,'0 Vi € B. (2)
JEN
If 3jp ¢ 7 for some i € B, then apply the Chavatal-Gomory procedure

xi+ YLyl < Laiol. (3)

JEN
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Gomory fractional inequalities (&) ENTABER S

Given a pure integer program (i.e., | = [n]), consider a simplex tableau
X,'+Z§,'J'Xj:§,'0 Vi € B. (2)
JEN
If 3jp ¢ 7 for some i € B, then apply the Chavatal-Gomory procedure
xi+ Y La1x < Fi)- (3)
JEN
By subtracting (3) from (2), we obtain
> fix; > fo, (4)
JEN

where f;; = 3;; — | 3j|. (4) is called a Gomory fractional inequality.
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Gomory fractional inequalities BRNBAREY TP

Example
max 5.5x; + 2.1x
X

s.t. —x1+x0 <2 (5)
8x1 +2xp < 17
X1,X0 € Ly

8 1
x>+ 0.8x3 +0.1x4 = 3.3 = §X3 aF §X4 >1
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Gomory fractional inequalities WU BURTE ST
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o

Example
max 5.5x3 +2.1x
X
s.t. —x1 +x <2 (5)
8x1 + 2x0 < 17
X1,X0 € Ly
8 1
x>+ 0.8x3 +0.1x4 = 3.3 = §X3 aF §X4 >1
Remarks

m Gomory fractional inequality (4) always cuts off the current solution X.

m [Gom10, WNO99] proposed a finite cutting plane algorithm (i.e.,
lexicographic dual simplex) for pure integer programming problems
using Gomory fractional cuts.
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Given a general MILP, consider a simplex tableau

JEN

We can rewrite the RHS of (6) as

aio) +fio— > (L&l +fi)x— > (T3] =1+ f)x— > Fx
JjeNNI: JjeNNI: JjeENNC
fi<fio fi>fo
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Given a general MILP, consider a simplex tableau

JEN

We can rewrite the RHS of (6) as

laio) +fio— D> (@) +f)x— > ([a] -1+ f)x— > Fx

JjeNNI: JjeNNI: JjeENNC
fi<fio fii>fio
As a result,
zZ=fo— g fiixj — E (fi—1)x E ajjx; is an integer
JjeNNI: JjeNNI: jeNNC
fii<fio fii>fio
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Hence, the following disjunction must be valid.

z<0vz>1 (7)
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Hence, the following disjunction must be valid.
z<0vz>1 (7)

Simplify these inequalities, we have

—f 1_ f: —5:
Y . U . U
2 To gt 2 gt D g9

i i0

JjeNNI: JeNNI: JjeNNC
fii<fio fii>fio
_ 8
E fijx—i— E ﬁlilx—l— E W > 1 ©)
N j N Z
. fio . - fo . fio
Jjennt: JjennI: JjeNNC
fii<fio fii>fio
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GMI
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One can have the following by combining inequalities (8)

Gomory's Mixed-Integer Cuts

f 1- 5
R R Y= XS D "EIN

jenni: 0 jeNAI: JENC: JENNC:
fii<fio fii>fio a;<0 3;>0

Akang Wang wangakang@sribd.cn An Introduction to Gomory Cuts 10



GMI IR BT 5E %

Shenzhen Research Institute of Big Data

One can have the following by combining inequalities (8)

Gomory's Mixed-Integer Cuts

f 11 3 3

jenni: 10 jennr: - jennc: jennc: 10
fii<fio fij>fio ;<0 3;>0
Example

Consider problem (5), we have a row of its simplex tableau

2 1
xp +0.8x3 +0.1x4 = 3.3 = ?Xg + §X4 >1
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Remarks
m The inequality (10) always cuts off the basic feasible solution X.

m One can rewrite inequality (9) as

N LT —3j 3
Z mm{fio’l—fio}xj+ Z max{l—fio’fio xj > 1

jenn! JjENNC
(10)

m For pure integer programs, GMI (9) dominates Gomory fractional
inequality (4).

m When rewriting (6), one can replace 3j; by |3;;] + f;j for each
J € NN I. However, the resulting cuts will be dominated by (9).

m When formulating (7), one may wanttouse z < k V z> k+1
where k = 0. This would fail to produce a desirable system.

m A finite cutting-plane algorithm for solving MILPs via GMI does not
exist [WN99].
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Consider a simplex tableau that corresponds to basis B:

Xj = ajo +Z—5,'J'Xj Vi e B.
JEN
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Basis and corner polyhedron ) RIS

Consider a simplex tableau that corresponds to basis B:
Xj = ajo +Z—5,'J'Xj Vi e B.
JEN
The corner polyhedron associated with B is given by

P(B) = x + Cone({rj}jeN)
={xeR":Ax=b,x; >0V € N}.
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Intersection cuts #Iith 7 n

Consider a convex set K such that x € int(K) and int(K) NS = (), then
one can generate an intersection cut given by

roh Institute of Big Dat:

X
> 1,
jze,:\,aj(K)

where o (K) = max {a: X+ arl € K}.
«

1 intersection cut

Interested readers are referred to “An Introduction to Intersection Cut and
Their Applications”.
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Split inequalities

Shenzhen Research Institute of Big Data

Definition (Split inequalities)
Given P and S, an inequality a'x < f3 is a split inequality if there exists a
split (7, mp) with 7, € ZP, ¢ = 0 and 1o € Z such that a'x < 3 is valid
for both sets

I'Ilz{xeP:ﬂTXSﬂ'o},

I_IQE{XEP:WTXZwO—l—l}.

split inequality

m'x <M \/ nTx >my+1
—
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Generating intersec. cuts from a split

henzhen Rese ata
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Consider an intersection cut induced by a convex set
{XER”:WOSWTxgwo—i—l},
where (,7g) is a split with mg = |7 X, we can compute

&j:maX{QIﬂo <7 (x+ar) §7r0+1}
[e%

1zdmmo) i T s,

= dmm) e r T <o,
400 otherwise.

where € (7, m9) = 7' X — mp.
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Theorem

The GMI cut obtained from the row of the simplex tableau, in which x; is
basic, is the same as the intersection cut induced by a convex set
{x ER":mp<7'x<my+ 1}, where

§UJ if j € N and f,'j < fpo,
§;J'~| ffj € N and f,j > fo,
ifj=i,

o B — —

otherwise,

mo = |7 X].
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Proof.

_ , . LauJ auz—f,-,- ifje NNT:f;<fo
WrJ:ﬂ;r{B—F?TEr,’V: (a,ﬂ zl_fij ifje,vm/:fij>fio
_au If_]GNmC

split inequality

I,

S
1
=
A
3
S
\ \
[
© [
\
\
|

nlx>my+1
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There are two perspectives to strengthen GMI:
m modify the basis while keeping the disjunction fixed
— lift-and-project cut [BP03]
m modify the disjunction while keeping the basis fixed
— reduce-and-split cut [ACLO5]
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There are two perspectives to strengthen GMI:
m modify the basis while keeping the disjunction fixed
— lift-and-project cut [BP03]
m modify the disjunction while keeping the basis fixed
— reduce-and-split cut [ACLO5]

One may combine the above two perspectives to further strengthen GMI:
— pivot-and-reduce [WKS11]
— alternate between lift-and-project and reduce-and-split [BCKN13]

In this talk, we will only introduce reduce-and-split cuts.
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Motivation: for j € NN C, smaller |3j;| values might lead to stronger GMI
cuts.
Consider two rows of a simplex tableau:

Xj = ajo — E 3jjXj, Xk = ako — E Akj X
JjEN JjeN

Given any § € Z, we obtain

X; + 0xx = 3j0 + 0akg — Z (5,'J' + 55kj) Xj.
JjEN

We then aim to minimize 3 ync (35 + (5§kj)2 to choose d, which is a
fairly easy task.
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Reduce-and-split

Shenzhen Research Institute of Big Data

Remarks

m Reduce-and-split cuts do not dominate GMI cuts.

m Geometric interpretation: given two splits (7', ), (7%, m§) defined
as in Lemma 2, the reduce-and-split procedure is simply to utilize
another split (7' + 67%, mp) with g = | (7' + d7¥) TX| to generate
GMI cuts.
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Exercise
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Consider a mixed-integer linear program with general variable bounds:

min  c'x
X
st. Ax=b
(11)
xt<x<xV Viel[n
X; € 7 Viel

where —o0 < x,-L < x,-U < oo Vi € [n].
Let's write a simplex tableau associated with a basis B:

JENL jeny

where NL denotes the index set of non-basic variables at their lower
bounds and NV = N\ NE.
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If 3jo ¢ Z, using the simplex tableau (12), we can derive an GMI inequality
as follows:

i 11 L —3j  aj L
S mn{ it e 3 ma{ s ¢

JENLNI JENLNC
- fj 11l v 3 3| (U
Z mln{ll)c7 f- J}(Xj —x) + Z max{lf, - (x7 —x)
jenvni 0T JjENYNC oo
> 1.

(13)
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Remarks

m As long as x- and xV are valid bounds for x;, then the resulting GMI
inequality (13) will be correct.

m For a superbasic variable j, since 3; = 0 (due to B~1a; = 0), we can
simply skip variable j.

m Given a mixed binary program (i.e., x; € {0,1} for i € ), let Fp and
F1 C I denote the index sets of variables that have been fixed at 0
and 1, respectively, in some BB node. One can enforce Fy € NE N/
and F; € NY N1 and generate a GMI inequality (13), which will be

globally valid inequality [BCCN96]. We cannot extend this to general
MILPs.
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