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Background

Benchmark - H. Mittelmann (20 Oct 2025)
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Source: https://plato.asu.edu/ftp/informs_talks_2025/fender.pdf

GPU-based first-order methods are HOT!
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Background

cuOpt - GPU-accelerated Optimization

C) build failing | version 26.06.00 docker nvidia/cuopt || examples |cuopt-examples | CO Open in Colab
NVIDIA [Launchable | @ Videos and Tutorials

NVIDIA® cuOpt™ is a GPU-accelerated optimization engine that excels in mixed integer linear programming (MILP),
linear programming (LP), quadratic programming (QP), and vehicle routing problems (VRP). It enables near real-
time solutions for large-scale LPs with millions of variables and constraints, and MIPs with hundreds of thousands
of variables. cuOpt offers easy integration into existing modeling languages and seamless deployment across
hybrid and multi-cloud environments.

The core engine is written in C++ and wrapped with a C API, Python API and Server API.

For the latest version, ensure you are on the main branch.

Source: https://github.com/NVIDIA/cuopt
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Can we develop GPU-based algorithms for discrete optimization?
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QUBO

Consider the Quadratic Unconstrained Binary Optimization (QUBO)
problem:

. T T
o g = x Qe (1)

where Q;; = 0 V.
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QUBO

Consider the Quadratic Unconstrained Binary Optimization (QUBO)
problem:
. fl — T T
o g = x Qe (1)

where Q;;i = 0 Vi.

o N'P-complete

@ Integer Linear Programs (approximate)

e Combinatorial Optimization (Max Cut, Maximum Independent Set)
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Literature Review

Meta-heuristics: ABS2 (Nakano et al., 2023)[local search+genetic]
@ GNNs:

PI-GNN (Schuetz et al., 2022) [Nature Machine Learning]
ANYCSP (Tonshoff et al., 2023)

CRA (Ichikawa, 2024)

ROS (Qiu et al., 2025)

Probabilistic Model:

o Free Energy Machine (Shen et al., 2025)[Annealing-based, Nature
Computational Science]
o MCPG (Chen et al., 2025)[Sampling-based]

Quantum Annealing (Berwald, 2019)
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We reformulate Problem (1) as a constrained continuous optimization
problem:

min  f(x)
x€[0,1]" (2)
st.  g(x) =0 Vie|n],

where g: [0, 1] — R enforces binarity of each variable x;.

EME PDBO

10/39



We reformulate Problem (1) as a constrained continuous optimization
problem:

min  f(x)
x€[0,1]" (2)
st.  g(x) =0 Vie|n],

where g: [0, 1] — R enforces binarity of each variable x;.

Function g(+)

@ gis strictly convex and continuous on [0, 1], with g(0) = g(1) =0
e g is differentiable on (0, 1)
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We reformulate Problem (1) as a constrained continuous optimization
problem:

min  f(x)
x€[0,1]" (2)
st.  g(x) =0 Vie|n],

where g: [0 1] — R enforces binarity of each variable x;

@ gis strlctly convex and continuous on [0, 1], with g(0
e g is differentiable on (0, 1)

Example

(i) g(x;) =2 — x;

I

(i) g(xi) = xilog(x;) + (1 — x;) log(1 — x;).
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Lagrangian Duality

Let y € R" denote the dual variables, then the Lagrangian function is:

L(x,y) = flx) + Z yig(x;)-

i=1
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Lagrangian Duality

Let y € R" denote the dual variables, then the Lagrangian function is:

L(x,y) = flx) + Z yig(x;)-

i=1

Theorem (Strong Max-Min)

inf sup L(x,y) = sup inf L(x, y).
x€[0,1]" yeRrn ( ) yeRn x€[0,1]" ( )
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Lagrangian Duality

Let y € R" denote the dual variables, then the Lagrangian function is:

L(x,y) = flx) + Z yig(xi)-

i=1

Theorem (Strong Max-Min)

inf sup L(x,y) = sup inf L(x, y).
x€[0,1]" yeRrn ( ) yeRn x€[0,1]" ( )

Problem (2) can be reformulated as a minimax problem with strong
max-min property.

i L(x, 3
i) ¥
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Gradient Descent-Ascent (GDA)

A classical approach for minimax problems is the GDA method:

XL o1y (xt —a- VXL(xt,yt)) ,
.yt+1 — .yt + 5 : vyL<Xt7.yt)7
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Gradient Descent-Ascent (GDA)

A classical approach for minimax problems is the GDA method:

N H[Oyl]n (xt —a- VXL(xt,yt)) ,
yt+1 — .yt + 5 : vyL(Xt7.yt)7

Example (Max-Cut)

Let f{x) := x" Wx— 1T Wx and g(x;) := x? — x;. Then the fractional

solution xt := (%, ey %) € R" yields V,L(x%, y*) = 0 for any y* € R".

The example shows that GDA may stabilize at a fractional point.
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GDA

Algorithm GDA

INPUT: Inital solution (x°, ") € [0,1]"xR" , , stepsizes (a, 3) € R%_,
tolerance 6 > 0, number of iterations Tmax

1: fort=0,1,2,..., Tmax — 1 do

2: fori=1,2,...,ndo

3 if [x{ — 1| <J and |8%fL(xt,yt)| < 26 and y! < 0 then

1 5 i t 1
5 — if xt < s
Xt—|-1 {2 = 20

4. f] 1 .
5+ 0 otherwise.
5: else
6: t+1 — H[O 1] ( — Q- aix,'L(Xt’ yt))
7:
8: it e yi+ 8- g(x)
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Convergence to Binary Points

Proposition (Lower bound of y)

Define © = max [Vl and b= €5 + (24 1) - 6(3).
e n

Then for each i € [n] and any t > 0, we have y! > b.

Note that ! — yt = Bg(xt) < 0, {y!}+>0 is monotone non-increasing.
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Convergence to Binary Points

Proposition (Lower bound of y)

Define © = max [Vl and b= €5 + (24 1) - 6(3).
e n

Then for each i € [n] and any t > 0, we have y! > b.

Note that ! — yt = Bg(xt) < 0, {y!}+>0 is monotone non-increasing.

Corollary (Convergence of y)

The sequence {y'}+>o converges to some y* € R" with yt > b, Vi€ [n].
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Convergence to Binary Points

Proposition (Lower bound of y)

Define © = max [Vl and b= ZHE5 + 2+ [5:1) - 6-8(3).

Then for each i € [n] and any t > 0, we have y! > b.

Note that ! — yt = Bg(xt) < 0, {y!}+>0 is monotone non-increasing.

Corollary (Convergence of y)

The sequence {y'}+>o converges to some y* € R" with yt > b, Vi€ [n].

t+1_
Note that g(x}) = }’:Tyf 0

Corollary (Convergence of x to

For any i € [n], the sequence {g(x})}+>0 converges to 0.
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Convergence Rate

Definition

Given Problem (2), a point x € [0,1]" is called an e-binary point if

- zn: g(xi) <e.

i=1
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Convergence Rate

Given Problem (2), a point x € [0,1]" is called an e-binary point if

- zn: g(xi) <e.

i=1 y.
The iteration complexity for Algorithm 1 to return an e-binary point is

bounded by y
1y” = y* Il
o(P5)
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Binary Optimization ( Reformulation

smoothing - )
min  f(z) Loie 1€
2€{0.1} st. g(z)=0 Vien

sublinear convergence
to binary sol.

L(z,y) = f(x) + »_wig(x:) Lagragian
i=1

Gradient Descent-Ascent Primal Dual

strong

— )
=——| max min L(z,y)
max-min| YER"xz€([0,1]"

minimax

s II:“_”” (wl ,,Tw]‘(z/_yf))
Yty 4+ BV, Lzt o)

min max L(z,y)
z€[0,1]nyeR” R

We refer to this approach as "a Primal-Dual approach for Binary
Optimization” (denoted as PDBO)
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Landscape Analysis

min  —x' Wx+ 1" Wx (Max Cut)J
x€{0,1}"
ViL(x,y) = 2(W+ diag(y)) J

@ Phase 1. Convex initialization
YW =y-1.Choosing ¥ > —Amin(W) ensures ViL(x,)°) = 0
e Phase 2. Gradual non-convexification
Ay = 5 (7 - x) <0,
e Phase 3. Binary convergence y;(x} — x;) = —yi(xi — x?)
x; — X7 > 0 penalizes fractionality, with —y; increasing.
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Numerical Experiments

We evaluate PDBO on Max-Cut instances:

Max-Cut

Cut size

=5 edges
O seta
O setB

Configuration:
— 180 seconds
— intel 19-12900K CPU + NVIDIA GeForce RTX 3090 GPU
— PDBO is implemented in JAX 0.6.1
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@ Obj. denotes the best objective value achieved.

@ Time is the time spent for seeking the corresponding solution.

Table: Results on Gset Instances for Max-Cut

G67 (n=10k) G70 (n=10k) G72 (n=10k) G77 (n=14k) G81 (n=20k)
Objt Timel] Objt Timel] Objt Time] Objt Timel Objt Timel
PIGNN (Schuetz et al., 2022) 5538  23.7 8534 252 5588 445 7896 421 11078  157.6

Method

CRA (Ichikawa, 2024) 5948 53.7 9240 51.7 6058 53.9 8720 75.9 12450 1204
ROS (Qiu et al., 2025) 6144 15 8872 1.8 6148 1.2 8746 22 12320 52
ANYCSP (Ténshoff et al., 2023) 6772 39.9 9379 35.7 6816 36.1 9686 53.5 13670 73.5
FEM (Shen et al., 2025) 6782 2.4 5120 0.2 6824 2.6 9688 4.0 13684 75
ABS2 (Nakano et al., 2023) 6880 1563 9510 1755 6932 1722 9824 171.1 13850 177.1
Gurobi 6944 519 9514 1333 6990 171.6 9882 1751 13848 179.8
PDBO 6872 2.5 9537 1.9 6906 2.0 9812 2.1 13852 33

EME PDBO
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Figure: The objective value of Max-Cut, as a function of runtime.
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Extension

Can this framework be extended to other problems?
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Extension #1: Max-k-

Given a list of Conjunctive Normal Form (CNF) {C, Gy, ..., G5}:

Max-k-SAT

Assignment

¢, @ satisfied

D (X Vv X Voxg) x; = True

¢, € unsatisfied

X; = False _ 4outof 5

D (X V Xg V oXg) poap—— —> C; @ satisfied clauses

(g V X3 V Xg) ¢y @ satisfied Satisfied
X, = False

(X V mXg V X3) Cs ° Satisfied

D(oXp VX VoXg)

e 2 Lot

=1 leG
where HI,—eC,— p(x;) is a multi-linear function, e.g., 1 — (1 —x1) - x2 - (1 — x3).

Applications:
e EDA
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Extension #1: Max-k

Table: Results on CNF Instances for Max-k-SAT

3CNF 4CNF 5CNF
Method
Obj | Time | Obj | Time | Obj | Time |
FEM 1885.21939 0.840.1 - - -

ANYCSP  1583.3 1175 123.8 1407 1210.9 1126 141.6 1959 1213.7 1114 141.0 1319
Gurobi  9322.6 i¢4.0 0.0 +0.1 9329.2 1g9.7 0.0 100 9310.7 +75.4
PDBO 1582.7 1129 0.9 401 1147.4 o3 1.2 101 976.0 193

0.1 400
2.2 403

@ PDBO outperforms other methods across all datasets

@ PDBO identifies high-quality solutions within seconds.
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Extension #2: Max-k-Cut

Max-k-CUT

Cut size
=7 edges

O set1
O set2
O set3

1 o .
Xe?(}i)}(m 2 Z 21 Wi (1 — X X:J>

kl 1j (4)
s.t. Z)(J_J _ 1’ Vie [n]
j=1
Applications:
e PCI
e VLSI
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Extension #2: Max-k-Cut

Lagrangian function:

L(X,y) = fiX +Zy,Zg i)

Theorem (Strong Max-Min)

inf sup L(X,y) = sup inf L(X,
XeAkyER" ( y) yGR"XE % ( y)

Problem (4) can be reformulated as a minimax problem.

L(X,
)geuAn"Iyré% (X, ). (5)

ETol: PDBO 26 /39



Extension #2: Max-k-Cut

The strong max-min property enables simultaneous updates as follows:

)<t+1 — HAZ ()(t — Q- VxL()(t,yt))
Yy + BV LX)

Proposition (Convergence to feasible solutions.)

The sequence of iterates generated by the update rules converges to a
feasible solution.
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IIs(-): Projection

e Euclidean Projection (¢3-norm):

— Alternating Projection (Boyd and Vandenberghe, 2004)
— Dykstra's projection algorithm (Dykstra, 1983)
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IIs(-): Projection

e Euclidean Projection (¢3-norm):

— Alternating Projection (Boyd and Vandenberghe, 2004)
— Dykstra's projection algorithm (Dykstra, 1983)

Issues:

@ The trajectory oscillates along the faces of the polytope.
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Softmax Reparameterization

min max L(X.
XeAlyeRn (%)
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Softmax Reparameterization

min max L(X.
XeAlyeRn (%)

Given Z € R**" we adopt the softmax operator:

exp(Zj;)

X:y,' = SoftMax(Z:y,-) = P
2 exp(Z;;)
=

j=1,..k
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Softmax Reparameterization

min max L(X.
XeAlyeRn (%)

Given Z € R**" we adopt the softmax operator:

exp(Zj;)

X:y,' = SoftMax(Z:y,-) = P
2 exp(Z;;)
=

J=1,....k
Consequently,

i L(SoftMax(2), y).
Juin, ma (SoftMax(2), y)
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Extension #2: Max-k-Cut

Table: Results on Gset Instances for Max-3-Cut

G67 (n=10k)  G70 (n=10k)  G72 (n=10k)  G77 (n=14k)  GB81 (n=20k)

Method

Objt Timel Objt Time] Objt Timel ObjT Timel Objt Timel
ROS 7364 3.0 9983 1.9 7435 29 10559 53 14907 9.7
ANYCSP 7797 55.9 9909 16.2 7906 58.9 11158 84.0 15727  115.0
FEM 7748 3.3 9999 1.4 7835 0.7 11102 4.4 15683 6.1

PDBO 8015 6.0 9999 33 8111 4.7 11467 5.0 16191 7.9

@ PDBO finds better solutions than the other baselines.
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Extension #3: Quadratic Assignment Problem (QAP)

Facilities Locations
®® ®@ ® © | ssignment
- | (one optimal example):
& B 999 . .
i 2-8B
Flow between facilities (F) Distance between locations (D) |
i 3-cC
1 2 3 A B C
1| 0 5 2 Al O 2 4 i | Total cost =
B A5k [l N0l k3 Bl 201,70 Jff. 1 : 2 3 Fjy X Dyiyog
Bl 2 [ 3| o ol 4|10 :

= 1| =34

in AX) = tr(FXDX") + tr(C" X
;rég)nnf() r( ) +tr(C' X),

where P, == {X € {0,1}™" | X1 = X"1 =1}.

Applications:
@ Facility location

@ Graph matching

EME PDBO
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Extension #3: QAP

min max L(X
XED, YeRxn (%),

where D, := {X € R}*" | X1 = X"1 = 1} represents a Birkhoff polytope.
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Sinkhorn Operator S(+)

Given Z € R™", consider the Sinkhorn operator S(2):

S = exp(2)
S = TUTHSY))
8(2) = Jim Sk(z)
where
Mij

M)y =

= m7 [Te(M)]j; -

EME PDBO
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Sinkhorn Operator S(+)

Given Z € R™", consider the Sinkhorn operator S(2):

S = exp(2)

S = T(TH(SY))

8(2) = lim $4(2)
where

[Te(M)];j = S My [7e(M) = > My

Lemma (Sinkhorn's Theorem (Sinkhorn, 1964))
For any Z € R™", §(2) € D,,.
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Sinkhorn Reparameterization

Problem (6) is transformed into an unconstrained minimax problem:

min max L(S(2),Y). (7)

ZER"X n YGR"X n
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Sinkhorn Reparameterization

Problem (6) is transformed into an unconstrained minimax problem:

min max L(S(2),Y). (7)

ZeRnX n YGRI)X n

In practice, we perform K iterations within the Sinkhorn operator, Sk(-):

7 78— o VZL(Sk(ZY), YY)
ytl Yt+ - VyL(SK(Zt), Yt)

ETol: PDBO 34/39



QAPLIB

@ n changes from 12 to 256

@ time limit: 100 sec

Instance Gurobi SM IPFP RRWM NGM SAWT  PDBO
bur 05% 22.4% 9.6% 23% 8.4% 40% 0.0%
chr 1.5% 443.7% 377.4% 600.3% 360.7% 1475% 2.3%
els 0.0% 96.4% 47.4% 355.8% 83.4% 47.4% 0.6%
esc 8.6%  284% 1882% 58.1% 214.8% 43.4% 0.0%
had 02% 174% 121% 252% 14.5% 52% 0.0%
kra 6.1% 68% 43.1% 55.8% 453% 329% 0.0%
lip 6.9% 17.6% 1.9% 18.5% 9.6% 1.4% 0.3%
nug 22% 445% 339% 66.4% 353% 193% 0.0%
rou 1.3% 358% 24.1% 50.9% 26.6% 15.1% 0.0%
scr 0.0% 107.8% 63.9% 143.7% 68.6% 33.9% 0.0%
sko 14.0% 245% 203% 329% 207% 16.2% 0.4%
ste 7.4% 417.7% 131.1% 548.6% 121.2% 108% 0.3%
tai 105%  109% 105.9% 135.8% 108.1% 34.7% 0.8%
tho 10.9%  47.6% 34% 584% 34.8% 241% 0.3%
wil 75% 142% 12%  17.7% 12.8% 95% 0.2%

Avg. Gap 52% 116.7% 73.7% 146.1% 78.0% 36.2% 0.3%

Avg. Time (s) 82.7 0.2 0.1 0.3 0.4 14.7 9.8

PDBO consistently achieves the smallest gap across most instance families
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taiXXeYY

o Time limit: 1800 sec
@ Baselines:

— Ro-TS (Taillard, 1991): A trajectory-based heuristic that enhances standard tabu search by implementing a
dynamic tabu tenure mechanism

— BMA (Benlic and Hao, 2015): A hybrid evolutionary approach that synergizes global population-based search
with aggressive local improvement procedures

Instance BKS Ro-TS BMA PDBO

Obj. | Time(s) ! Obj. | Time (s) | Obj. | Time(s) |
tail25e01 35,426 39,746 320 37,992 1,013 36,788 70
tail25e02 36,178 39,354 592 36,830 1,000 38,286 72
tail25e03 30,498 35,138 133 33,500 1,553 32,220 70
tail75e01 57,540 65,420 355 60,648 1,800 63,272 161
tail75e02 50,110 66,142 118 54,220 1,756 53,000 154
tail75e03 53,900 218,360 829 59,108 1,740 55,832 137
tai343e01 141,048 177,228 4 161,526 1,714 148,714 403
tai343e02 148,584 183,594 12 170,858 1,800 153,116 423
tai343e03 142,092 176,884 3 163,758 1,768 145,888 399
tai729e01 416,260 883,310 473 499,166 809 445,612 615
tai729e02 422,570 913,870 129 505,600 823 450,528 618
tai729e03 405,004 497,770 76 480,546 1,596 422,500 636

EME PDBO



Conclusions

@ We introduce a primal-dual framework that reformulates
QUBO/Max-k-SAT as a continuous minimax problem, enabling
efficient and highly parallelizable gradient-based solutions on GPUs

@ We extend this primal-dual framework to address Max-k-Cut/QAPs
via reparameterization

@ We demonstrate the superior scalability and robustness of our
proposed framework, achieving significant improvements over
state-of-the-art baselines.

Future work:

— Extend this framework to other variants in discrete optimization.
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